This paper presents a new approach to study the effects of temperature on the poro-elastic and viscoelastic behavior of articular cartilage. Biphasic solid-fluid mixture theory is applied to study the poro-mechancial behavior of articular cartilage in a fully saturated state. The balance of linear momentum, mass, and energy are considered to describe deformation of the solid skeleton, pore fluid pressure, and temperature distribution in the mixture. The mechanical model assumes both linear elastic and viscoelastic isotropic materials, infinitesimal strain theory, and a time-dependent response. The influence of temperature on the mixture behavior is modeled through temperature dependent mass density and volumetric thermal strain. The fluid flow through the porous medium is described by the Darcy's law. The stress-strain relation for time-dependent viscoelastic deformation in the solid skeleton is described using the generalized Maxwell model. A verification example is presented to illustrate accuracy and efficiency of the developed finite element model. The influence of temperature is studied through examining the behavior of articular cartilage for confined and unconfined boundary conditions. Furthermore, articular cartilage under partial loading condition is modeled to investigate the deformation, pore fluid pressure, and temperature dissipation processes. The results suggest significant impacts of temperature on both poro-elastic and viscoelastic behavior of articular cartilage.
Introduction
Diarthodial joints are the most common movable skeletal joints which are specifically characterized by some common structural features including: a layer of fibrocartilage that covers the opposing bony surfaces; a lubricating synovial fluid within the joint cavity; and an enclosing fibrous capsule which is lined with an active tissue (i.e. the synovium) [1] . Figure 1 illustrates the structure of knee joint as an example of diarthodial joints.
Articular cartilage is a thin connective fibrocartilage ( Figure  1 that primarily consists of water, collagens, and proteoglycans. With 80% of the wet weight, water is the dominant constituent of articular cartilage. The network of collagen, which constitutes 60% of the dry weight, together with water increase the strength of the tissue to transmit high instantaneous loads. For smooth joint articulation, articular cartilage provides a lubricated surface that facilitates load transmission to the underlying subchondral bone [2] .
The mechanical behavior of articular cartilage has been studied using different models. Pena et al. [3] studied the effect of meniscal tears and meniscectomies on knee joints considering cartilage as a linear elastic isotropic and homogeneous material. Viscoelastic models are widely used to study the influences of an interstitial fluid on soft biological tissues [4, 5, 6, 7] . Poroelastic and poro-viscoelatic models are developed to account for fluid flow in articular cartilage where biphasic mixture theory is used to describe deformation of the solid and the solid-fluid interactions [8, 9, 10, 11] .
While most current models have studied the poro-elastic and viscoelastic behavior of articular cartilage, experimental studies [12] revealed that increasing temperature affects the behavior of both fluid and solid phases. Increasing temperature increases equilibrium stiffness and stress relaxation at higher temperatures, and decreases fluid viscosity. A comprehensive understanding of articular cartilage mechanics requires considering the effects of temperature. This study aims to investigate the influence of temperature on the poro-elastic and viscoelastic behavior of articular cartilage.
In this paper, a finite element model is developed to explore the thermal effects coupled with the poro-elastic and viscoelastic behavior of articular cartilage. The poro-mechanical behavior of a fully saturated articular cartilage is modeled through the solid-fluid mixture theory. The mechanical deformation of the solid skeleton, fluid flow, and temperature distribution in the solid-fluid mixture are modeled by the balances of linear momentum, mass, and energy. The mechanical behavior of the solid skeleton is described by both linear elastic and viscoelastic isotropic materials, infinitesimal strain theory, and a transient response. The motion of fluid through the porous medium is described by the Darcy's law. The influence of temperature on the mixture behavior is modeled by temperature dependent mass density and volumetric thermal strain. The governing equations are discretized in time with an implicit backward Euler scheme and in space by a standard Galerkin finite element method. The accuracy and efficiency of the finite element model are evaluated using analytical reference solutions. The remainder of the paper is organized as follows: in Section 2, the methodology for theoretical formulation of the thermo-poro-elastic and viscoelastic models is elaborated. The numerical implementation and finite element analysis are described in Section 3. In Section 4, the effects of material type, temperature, and boundary conditions on the behavior of articular cartilage are discussed. Insights gained from the results and areas for future research are summarized in Section 5.
Methodology
The proposed thermo-poro-mechanical model predicts the coupled thermo-poro-elastic and viscoelastic behavior of articular cartilage. The model describes the mechanical deformation, pore fluid pressure and thermal phenomena in a fully saturated articular cartilage. The displacement of solid skeleton is modeled by the balance of linear momentum. The flow of fluid though the porous medium is described by the Darcy's law. The temperature evolution in the solid-fluid mixture is modeled by the balance of energy. The model for the thermo-poro-elastic and viscoelastic behavior of the saturated articular cartilage is described below.
Basic definition of mixture
Consider a porous medium consisting of a porous solid phase, denoted by s, with pore spaces occupied by a fluid, denoted by f. The medium, therefore, is characterized by two phases. At time t, the current position of an α phase is defined by x α where α represents either the solid or the fluid phase. Throughout the paper, any variable appearing in the form of (•) α represents the (•) property of the α phase. The volumetric fraction occupied by the α phase is defined by:
where dv α is the current differential volume, dv is the current total differential volume of the mixture, J α is the Jacobian of the deformation matrix, and F α is the deformation gradient. In biphasic mixture theory, n s + n f = 1 where n s and n f are volume fractions of the solid and fluid phases, respectively. The real (ρ αR ) and partial (ρ α ) mass densities of the α phase and total mass density, ρ, are defined as follows:
where dm α is the differential mass.
Balance of mass
For the α phase, the balance of mass is defined as follows:
where γ α is the mass supply and
is the divergence of a field. Considering volumetric thermal expansion for the α phase, the temperature dependent real mass density is expressed as follows [13] :
where K α is the bulk modulus, p α is the pressure,ᾱ α θ is the thermal expansion coefficient, and θ α is the temperature field. From material time derivative of the fluid motion with respect to the motion of the solid phase, the following equations are derived [14] :
is the relative velocity of the fluid phase with respect to the motion of the solid phase. Use of Eqs. (2), (4), and (5) in (3), the balance of mass for the mixture, with respect to the solid phase motion, which accounts for the volumetric thermal expansion in both solid and fluid phases, is expressed as follows:
Balance of linear momentum
The balance of linear momentum for the α phase is defined as:
where σ α is the partial stress, b α is the body force vector, and a α is the acceleration. The total stress is defined as σ = σ s + σ f . The internal body force due to drag, h α , on the α constituent caused by the other constituents is given by:
By summing up the individual components of the balance of linear momentum for the solid and fluid phases, the balance of linear momentum for the mixture is expressed as:
Furthermore, the balance of angular momentum states that the stresses are symmetric, i.e. σ α = (σ α ) T .
Balance of energy
The first and second laws of thermodynamics for the α phase are given by [14] :
where e α is the internal energy per unit mass, q α is the heat flux vector, r α is the heat input rate per unit mass,ê α is the power density supply by other phases on the α phase, and η α is the entropy per unit mass. The Helmholtz free energy per unit mass is defined as [14] :
Use of the material time derivative of the Helmholtz free energy and the first law of thermodynamics in the second law of thermodynamics leads to the Clausius-Duhem inequality for the α phase as follows:
In the mixture theory, the total Cauchy stress, σ, is defined as a function of the effective Cauchy stress, σ , acting on the solid skeleton, and the Cauchy pore fluid pressure,p f :
is the Biot coefficient, and K skel and K s are the bulk moduli of the porous medium and solid phase, respectively [15] . The fluid partial stress, σ f , is described by fluid pressure and viscous terms as [16] :
where the partial fluid pressure is related to the Cauchy pore fluid pressure through p f = n fpf . The fluid viscous stress is defined as [16] :
where k f is the partial bulk viscosity, µ f is the partial shear viscosity, and d f is the symmetric portion of the velocity gradient for the fluid phase. Thus, the partial stress of the solid phase is derived as:
For thermoelastic problems, the total strain tensor of the solid skeleton is decomposed into elastic and thermal components as follows:
where ε skel,e is the elastic mechanical strain, ε s,thm is the volumetric thermal strain, and θ s 0 is the initial temperature of the solid phase. Thus, the stress power for the solid-fluid mixture can be expressed as follows:
Dt +ᾱ
With the assumption that both solid and fluid constituents are nearly incompressible (i.e. ρ αR is constant), the Helmholtz free energy per unit mass for the solid skeleton and the fluid phase is expressed as follows:
with the following assumptions:
where C α p is the specific heat capacity per unit mass. We further assume that (1) both solid and fluid constituents are nearly incompressible, i.e. 1 K α ≈ 0; (2) the fluid flow is inviscid and the viscous effects are neglected, i.e. σ f,visc = 0; (3) there is no mass exchange between solid and fluid phases and the mass supply of the α phase is zero, i.e. γ α = 0; (4) the sum of the power of the solid and fluid phases is set to zero, i.e.ê s +ê (9)B = 1. Thus, the Clausius-Duhem inequality of the solid-fluid mixture is expressed as:
The Inequalities in Eq. (22) 
Thus, Eq. (22) reduces to:
whereṽ f D = n fṽf is the Darcy relative fluid velocity. In Eq. (24), the constitutive equation for the Darcy relative fluid velocity gives non-negative dissipation [18] , where:
and k p is the isotropic hydraulic permeability of the fluid. Finally, use of Eqs. (22) and (24) in (10) leads to the balance of energy for the solid-fluid mixture as follows:
Constitutive equations
For an isotropic material, the effective stress of the solid skeleton in presence of the volumetric thermal strain can be expressed as:
where µ skel is the shear modulus of porous medium. The total mechanical strain of the solid skeleton is decomposed into the volumetric, ε s,vol , deviotoric, ε s,dev , and thermal, ε s,thm , components. For the viscoelastic behavior, a generalized Maxwell model shown in Figure 2 is considered. The stress-strain relationship for the viscoelastic behavior of the solid skeleton can be characterized in a form of convolution integral:
The relaxation modulus function, G(t), that considers viscoelastic behavior of material across a range of time can be expressed as [19] :
where N v is the number of spring-dashpot devices. For the mth spring-dashpot device, ω m and τ m are defined as follows: 
where σ ∞ is the elastic stress defined in the Eq. (27) and h m(cmp) (t n+1 ) is stress like Internal State Variables (ISVs) de-fined as [20] :
where i ∈ [k, µ, k] for a given cmp ∈ [vol, dev, thm], respectively. At any time t, the viscoelastic ISVs are recovered through a simple recursive update formulation and by knowing the ISVs from the previous time step.
Finite element analysis
A standard Galerkin finite element method is adapted to present the weak form of the governing equations. The displacement, u, the pore fluid pressure,p f , and the temperature, θ are considered as independent state variables. The weak form of governing equations is constructed by multiplying the strong form with a set of admissible weighting functions and integration over the domain. We seek to find u(x, t) ∈ L˜u, p f (x, t) ∈ Lp f , and θ(x, t) ∈ L θ with t ∈ [0, T ] such that:
where L u , Lp f , L θ are the trial solution spaces defined as follows:
and w u , wpf , and w θ are weighting functions of the independent state variables. H 1 is the first Sobolev space [21] . The symbol Ω is the volume occupied by the mixture, Γ t is the applied traction boundary, Γ u is the prescribed displacement boundary, Γ s is the prescribed pressure boundary, and Γ θ is the prescribed temperature boundary. The prescribed and initial conditions for the state variables are are denoted by [ũ(t),p f (t),θ(t)] and [u 0 (x), p f 0 (x), θ 0 (x)], respectively. The domain, Ω is discretized into the non-overlapping subdomains Ω e , 1 ≤ e ≤ n el , where n el is the number of elements in the domain. To avoid oscillation in mechanical stresses, pressure, and temperature, the solutions are approximated by using mixed elements such that a quadratic interpolation is used for the displacement field and linear interpolation is used for approximating pressure and temperature fields. For poro-elastic and viscoelastic problems, numerical oscillations may occur if the spatial and the temporal discretization parameters are not properly chosen [22, 23, 24] . To ensure the stability of the system, the stability condition is computed through the relationship given by [25] . This stability condition depends on the spatial and temporal discretization step sizes and mechanical parameters of the model. For more information, the reader is referred to [25] .
Time integration
The weak form of the governing equations is discretized in time by an implicit backward Euler scheme. The discretized governing equations are written in the following compact form:
where R n+1 dyn is the dynamic residual of all governing equations given in Eq. (33) and written in a compact form as follows:
M n+1 is the capacitance matrix that collects the contributions of the inertia terms in Eq. (33).ŝ n+1 andŝ n are the vector of all state variables at current and previous time steps, respectively. R n+1 and J n+1 are the residual and jacobian of the static contribution to the dynamic residual, J n+1 dyn is the analytical derivatives of dynamic residual equations, and ∆t is the size of time step.
Results and discussion
In this section, several examples are presented and discussed to illustrate the efficiency of the numerical model. For this purpose, the accuracy of the finite element method is verified through comparison against analytical reference solutions. To gain insight into the effects of different parameters on the performance of articular cartilage, confined and unconfined models are considered. In particular, the effects of material type, temperature, and boundary conditions are investigated. To determine the physical response appropriate for 3D domain, the plain strain assumption is used in 2D models. For all numerical examples, mesh refinement studies are performed and only results for sufficiently fine meshes with negligible discretization errors are shown. Newton-Raphson method is used to solve nonlinear equations using analytically derived jacobians. The discretized linear problem is considered converged if the relative residuals are less than 10 −9 .
Verification example
The accuracy of the implemented model discussed previously is verified through comparison against analytical reference solutions. Originally verified for a poro-elastic model [26] , this study is extended to verify the thermo-poro-elastic response of the model. For this purpose, a laterally confined 1D column with the height H c proposed by Bai et al. [27] is considered. A load with magnitude of F x is applied at the top of the column (i.e at x = 0) while the bottom of the column is rigid. At the top of the column, the pressure and temperature are set to zero, which allows the fluid and the temperature to dissipate from the top. The geometric configuration and material parameters are given in Table 1 . For numerical modeling, the column is discretized with 100 quadratic elements, and the simulation is continued until the pressure and temperature dissipate from the entire column. The variations of displacement at the top and the pressure and temperature at the bottom of the column are presented as a function of consolidation time as shown in Figures 3-5 . The displacement, pressure, and temperature are normalized with respect to their maximum values. The results are compared against analytical solutions [27] . The comparison demonstrates good agreement between numerical model and analytical solutions. The small discrepancy appeared in the temperature profile ( Figure 5 ) are caused by neglecting the forced thermal convection effects in the analytical solutions.
Confined and unconfined articular cartilage models
To explore the characteristics of the articular cartilage model, both confined and unconfined boundary conditions are considered, as shown in Figure 6 . For the confined model (Figure 6 (a) ), articular cartilage is compressed into a perfectly smooth and impermeable box. The fluid pore pressure and temperature can dissipate from the top boundary. The model is fixed at the bottom and displacements in the x direction are constrained to zero along the sides. A porous plate at the top of the model is used to uniformly transfer the applied load, f y , to the articular cartilage specimen. For numerical modeling, the domain is discretized with 55 × 110 elements; the geometric configuration and material parameters, used in the test, are shown in Table 2 . The behavior of the articular cartilage model is studied con- show that at very early times, large fluid pore pressure results in small displacements. As the pore fluid pressure dissipates, the deformation increases until a purely elastic response is recovered. For the poro-elastic behavior, models with thermal effects show a significant reduction in both pore fluid pressure and displacement at early times. However, for the poro-viscoelastic behavior, this reduction is not considerable due to creep recovery and constant stress over the loading period. In order to explore the effect of temperature on the behavior of articular cartilage, different temperatures (24, 37.5, and 55 o C) are considered for both confined and unconfined models with thermo-poro-viscoelastic behavior. For the unconfined model, as shown in Figure 6 (b), the fluid pore pressure can dissipate along the sides, and the temperature can dissipate from the top of the model. At the bottom, the displacements in both x and y directions are constrained to zero. Impermeable solid plates at the top and bottom of the model are used. The top plate uniformly transfers the applied load to the articular cartilage specimen. For both confined and unconfined models, the evolution of y-displacement at the top midpoint and pore fluid pressure at the bottom midpoint are presented for different temperatures, as shown in Figures  9 and 10 , respectively. The results reveal the influence of temperature on the articular cartilage behavior. The results show a significant influence of temperature at very early times. After dissipation of pore fluid pressure and temperature, elastic response is recovered in both confined and unconfined models. 
Partially loaded confined articular cartilage
The effects of partial loading is an extremely important facet of articular cartilage mechanics on account of the fact that medical injuries in articular cartilage are mostly due to partial loads. The following example extends the confined model ( Figure 6 (a) ) to study the behavior of articular cartilage under partial loading condition shown in Figure 11 . All model and material parameters are adopted from Table 2 , except for the width of the specimen which is set to a = 5.0 × 10 −3 m. The fluid pore pressure and temperature can dissipate only from the bottom of the porous plate. The displacement in the x direction are constrained to zero along the sides, and all displacements are fixed at the bottom. Again, a porous plate at the top of the model is used to uniformly transfer the applied load, f y , to the articular cartilage specimen. The domain is discretized with 125 × 25 quadratic elements and the final loading time, t f , that allows full dissipation of pore fluid pressure and temperature is set to 2 × 10 5 seconds. The viscoelastic behavior is studied at different temperatures and the evolution of displacement along the top and pore fluid pressure along the bottom of the model are given at different loading stages. Initially, high pore fluid pressure is established in the half of the model where the pressure is allowed to dissipate. However, as the simulation proceeds the vertical displacement increases and the pore fluid pressure dissipates from the bottom of the porous plate.
The results also show that at very early times, temperature has a significant influence on the articular cartilage behavior. High temperature results in low pressures and large vertical displacements. The results also show fast dissipation of temperature at early times. Again, once the temperature dissipates, the linear elastic response is recovered. The inset snapshots given in Figures 14 and 15 at the early loading stages depict a significant pressure drop and large displacement in the half of the model. Due to free displacement boundary conditions on the right-half, expansion occurs at the top middle of the model. 
Conclusions
This paper presents a finite element methodology for numerical modeling of thermo-poro-elastic and viscoelastic behavior of articular cartilage. The thermo-poro-mechanical behavior of a fully saturated articular cartilage is described by a biphasic solid-fluid mixture theory. Governing and balance equations are considered to describe the displacement in the solid skeleton, fluid flow, and temperature distribution in the mixture. The mechanical behavior of the solid skeleton is described using linear elastic and viscoelastic isotropic materials. Time-dependent response is considered to model the transient thermo-poro-viscoelastic behavior of articular cartilage. The thermal influence on the mixture behavior is described through the temperature dependent mass density and volumetric thermal strain. The Darcy's law is used to describe the fluid flow in the mixture.
The presented finite element framework proved reliable for a variety of 2D articular cartilage models. The accuracy of the implemented framework is verified through comparison against analytical reference solutions. To gain insight into the char-acteristics of articular cartilage, both confined and unconfined models are considered. The behavior of articular cartilage is investigated for both elastic and viscoelastic materials, with and without thermal coupling. The influence of temperature is studied through examining the behavior of articular cartilage for different temperatures. Partially loaded confined articular cartilage model is considered to investigate deformation, pore fluid pressure and temperature dissipation processes. The results show a significant influence of temperature on the behavior of articular cartilage at early loading stages. As the temperature and pore fluid dissipate from the system, the steady-state elastic behavior is recovered.
While only 2D numerical models are considered in this study, the developed method allows for the convenient extension of the framework to 3D behavior of articular cartilage. For future studies this method needs to be extended to explore the 3D characteristics of articular cartilage in the finite strain regime.
